Abstract-To produce a compact and efficient particle accelerator, several different piezoelectric transformer configurations are evaluated for their applicability in this demanding application area. Using a derived 1-D model for three different electroding and mounting schemes, accelerator efficiency and gradient are optimized. It is shown that with some advancements in material yield strength and advanced bonding techniques, reaching 4 MeV/m with over 40% efficiency is possible.
primary reason is that ancillary systems such as RF power supplies, high-voltage sources, and large insulator stacks are not necessary. The piezoelectric transformer acts as a multifunctional material in the accelerator, potentially acting as a support insulator, vacuum envelope, and high-voltage generator.
The feasibility of utilizing piezoelectric transformers for particle acceleration and, specifically, neutron generation has already been demonstrated [15] . Numerous technical challenges have been overcome including reduction of flashover [16] , methods to measure internal electric field and stress [17] , and increasing particle emission [10] , [18] [19] [20] .
A persistent limitation is achieving high voltage and high power operation without stress-induced yielding in the piezoelectric material. In addition, in portable applications, energy efficiency is critical. Input electrical power to beam power efficiency is limited.
This paper focuses on several versions of a length extensional piezoelectric transformer with application to particle acceleration. First, the classical Rosen-type transformer topology is reconsidered with a "series-thickness" electrode arrangement. In this embodiment, the transformer is mechanically supported in two differing configurations. The 1-D equations are derived from the first principles.
Second, the 1-D model is compared to a 3-D finiteelement simulation. Two different materials are compared, lead zirconate titanate (PZT) and lithium niobate (LN). Finally, an optimization of the transformer parameters is presented for a parameter set of interest to particle acceleration. It is shown that with a particular geometry and driving conditions, piezoelectric transformers can be utilized for compact and energy efficient particle acceleration applications.
II. 1-D LENGTH EXTENSIONAL ANALYTIC DEVELOPMENT

A. General Piezoelectric Relations
In the Rosen-type piezoelectric transformer, the input section contains electrodes on the top and bottom of the device, with a polarization through the thickness (x 1 -direction) of the bar [ Fig. 1 ]. An applied electric field in the x 1 -direction excites a plate in the x 3 -direction due to the indirect piezoelectric effect. In turn, due to the direct piezoelectric effect, an x 3 -directed electric field is induced in the output section, generating a potential on an output electrode. In the output section, the polarization is in the x 3 -direction. With a load Fig. 1 . Rosen-type piezoelectric transformer. Here, the polarization directions are as encountered in a ceramic-based transformer with different polarizations in the input and output. In a single-crystal-based transformer, the polarization direction is homogenous throughout the transformer. TABLE I  TRANSFORMER GEOMETRY CASES CONSIDERED across the output electrode and one of the input electrodes, a transformer is created.
An alternative input section arrangement can be formed by placing electrodes as shown in Fig. 2 . This embodiment is a "series thickness" transformer. Here, the polarization in the input section is in the x 3 -direction. A length extensional vibration mode is excited. The overall function of the transformer is similar to that of the Rosen type.
In the case of piezoelectric materials such as PZT, the polarization direction is set by poling the material through a process of high applied electric fields at an elevated temperature. Alternatively, a single-crystal piezoelectric material such as LN has a homogenous crystal c-axis direction throughout the transformer. In the case of the Rosen-type transformer, the polarization vector is directed at an angle rotated about the x 2 -axis.
In this paper, six distinct configurations of these transformers are considered and are summarized in Table I . In short, the Rosen-type transformer is compared to two different mounting schemes for the series thickness transformer. For each, both PZT-5H (a particular type of PZT) and LN are considered.
Throughout this paper, the Einstein notation convention is followed. Derivatives with respect to the coordinate axes are delineated by a subscript comma followed by an index. For example, the first derivative of the x 1 -component of u with respect to x 1 is
Similarly, the second derivative of u 1 in the two-direction is denoted as u 1, 22 . The constitutive relations for linear piezoelectricity can be written as
where S is the strain tensor, T is the stress tensor, D is the electric displacement vector, E is the electric field vector, s E is elastic compliance at constant electric field, d is the piezoelectric constant, and T is the dielectric permittivity at constant mechanical stress. The subscripts represent tensor indices in the compact Voigt notation. For simplicity, for the remainder of this paper, the superscripts on s and will be dropped.
The piezoelectric equation of motion assuming zero body force is given by
where ρ is the mass density andü i is the second derivative of displacement in the i direction with respect to time. Assuming zero enclosed charge, Gauss's law becomes
The strain-displacement relation is given by
The relation of the gradient of the potential ς to electric field E is
B. Length Extensional Transformer With Uniform Polarization
Much of the analytical development in this section follows the procedure given by Yang and Zhang [21] . Where possible, similar notation and processes are followed. In addition, it is noted that Sebastian also derived some of the series thickness transformer relations, and this paper extends these [22] .
Assume that the displacement of the device is constrained to the x 3 dimension (u 1 = u 2 = 0) and the stress is only in one direction (T 1 = T 2 = T 4 = T 5 = T 6 = 0). Using these assumptions, (2)-(7) simplify to the 1-D forms
Differing from the classical Rosen-type transformer, the driving electrode is placed between the input (actuator) and output (transducer) portions of the transformer. Here, the input section of the transformer is excited by the length extensional mode.
1) Input Section: There is no electric field, in the x 1 and x 2 directions (E 1 = E 2 = 0). From (7), the electric field in the x 3 -direction is
To find the equation of motion, (8)- (13) are used to find the second derivative of the potential in the input section as well as the second derivative of the displacement
where the modified elastic compliance and electromechanical coupling factor are defined, respectively, as
Combining (15) with (10), the 1-D wave equation is found
The equation for stress in the input section is found by integrating (14) , resulting in the integration constant α 1 .
Combining with (8) and (12) yields the equation for stress within the device
Integrating once more and combining with (8) and (9) yield the expression for the potential within the input section
Finally, the electric displacement is found by combining the expression for the first derivative of potential with (9) and (13) to yield
2) Output Section: In the output section, (13)-(19) remain valid. Here, we also define the constant, c 1
Substituting (21) in (19) gives the stress in the output section
Similarly, the potential in the output section is
and the electric displacement is
3) Driven Wave Equation Solution: This piezoelectric system operates with time-harmonic conditions. For example
where V I is a complex constant. To delineate the complex, time-independent constants, capital letters are utilized in this paper. With the relations above, the 1-D wave equation, (18) , can be solved. Assuming a time-harmonic displacement, (18) becomes
Because the constant in front of U 3 on the right-hand side of (27) is negative and real, the assumed form of the solution is
From these relations, given an input voltage V i , the current and voltage for both the output and input can be derived. One component of the input current can be found by first integrating the electric displacement at the end of the bar at -a
The time-derivative of the charge Q i plus the output current I o gives the total current into the input circuit
For the input section, the boundary conditions for the potential are
With these boundary conditions, the integration constants in (20) can be solved in terms of the constants, A 1 and A 2
For the output section, a similar procedure is followed to find the output current I o and the integration constant C 1
Finally, the output voltage V o is found by evaluating (24) at the end of the bar at b
C. Length Extensional Transformer, Simply Supported at Displacement Nulls
The first case for the geometry given in Fig. 2 is with a rod simply supported at the displacement nulls. In this case, "knife edges" are placed on the top and bottom of the rod where the predicted displacement is zero. Depending on the mode that is excited, this could be at one or multiple places along the length.
There are four boundary conditions that shall be satisfied in this operation mode. First, there is zero stress at each end of the rod. Also, the displacement and stress at x 3 = 0 + must equal the values at x 3 = 0 − . The boundary resulting values are
Solving (28) with the boundary conditions (38)-(41) gives the constants A 1.. 4 . To find the output voltage of the transformer, these coefficients are combined with (35) and (36). In this case, each term of the equation is multiplied by either V i or I o . Hence, the equation can be put into the form
where the multiplication ratio 1 and the output impedance Z o can be calculated. Similarly, (30) and (32) can be combined and put into the form
The derived coefficients A 1..4 , Z o , Z i , 1 , and 2 are shown in Appendix. The output voltage divided by the input voltage is defined as the transformer ratio. In terms of the parameters above this is
The peak power within the transformer is simply expressed as VI. To calculate power dissipated within portions of the circuit, the real power is calculated. As shown in the following, the conjugate ( * ) of the voltage or current is used: The efficiency of the transformer is defined as the output power divided by the input power. Using the expressions for the 1-D equation of motion described above, a representative calculation of the potential, stress, and displacement is performed. As shown in Fig. 3 , a transformer is used which has an output section five times that of the input section. Two modes near resonance are displayed. The "first mode" has one displacement null, and the "second mode" has two displacement nulls. The location of these nulls is important when considering the mounting locations. Also, note that the displacement and stress are continuous at the input to output section boundary and the stress values are zero at the transformer ends as mandated by the boundary conditions.
D. Length Extensional Transformer, Fixed Constraint at Grounded End
The mechanical boundary conditions affect the modes which are excited within the transformer. We consider the case where instead of simply supporting the transformer at displacement nulls; the rod has a fixed boundary at the input end. In this case, the displacement is set to zero
In contrast to (38), it is possible to have a nonzero stress at the end of the transformer. The output end remains free, so the stress must equal zero. The remainder of the boundary conditions (39)-(41) is valid for this case. Following a similar procedure as in the previous section, the constants A 1..4 and the output and input impedances and transformer ratios are calculated. These values are given in Appendix.
E. Rosen-Type Transformer
The analysis of the Rosen-type transformer has been characterized extensively in several publications. For brevity, the results are not repeated here, but the reader is pointed to [21] where the 1-D equations are derived.
It is noted that there are some assumptions which are made in the 1-D derivation of the Rosen-type transformer which effect model accuracy. As shown in Fig. 1 , the applied electric field is in the x 1 -direction, and there is not a defined potential at x 3 = 0. Both of these conditions yield a model which is not purely 1-D. However, a good match to 3-D simulations and experiment has been demonstrated in many cases [5] , [23] [24] [25] [26] . Nonetheless, there are some conditions away from resonance which result in nonphysical performance projections such as an efficiency greater than 100%. As the results, in this paper, are near resonance, the assumptions made in the 1-D model are appropriate.
III. COMPARISON OF 1-D ANALYTIC MODEL TO 3-D FINITE-ELEMENT SIMULATIONS
To validate the 1-D model, the 3-D finite-element code Comsol Multiphysics is used for each of the cases given in Table I [27] . With a variety of geometries and operating conditions, a very good match was obtained. Representative results are shown in Figs. 4 and 5. Fig. 4 shows a frequency sweep illustrating the first and second length extensional resonance modes. This result is for a PZT-5H simply supported series electrode transformer with a height of 1 mm, width of 1 cm, 1-cm long input section, and 5-cm long output section. Note that in the 3-D model, there is no degree of freedom limitation on the displacements or stresses. Therefore, some of the input energy transfers to modes orthogonal to the primary displacement direction.
In Fig. 5 , position resolved potential, stress, and displacement are shown for the first resonance. The discontinuity in stress between the input and output sections for the 3-D simulation is due to insufficient mesh resolution. Note that all the values displayed in Figs. 4 and 5 are components of a complex number. The real values are included in plots unless otherwise indicated.
IV. 1-D TRANSFORMER OPTIMIZATION FOR HIGH EFFICIENCY AND COMPACT SIZE
A. Piezoelectric Particle Acceleration
Described in Section I, the high-voltage generating capability of piezoelectric transformers has been applied to particle acceleration for over a decade. The general scheme of a bipolar accelerator is shown in Fig. 6 . Here, ions and electrons are accelerated on the opposite polarities of the induced output voltage. Even though the electric field varies versus time, the accelerating force is electrostatic; electromagnetic effects are minimal at the low frequencies of interest (<1 MHz).
Typically, the output impedance of piezoelectric transformers is very large, which limits the average power capability of driving a particle beam. An advantage of utilizing a piezoelectric transformer for particle acceleration is the potential for a small system size. There are no large external power supplies or RF sources. The driving potential is essentially an audio amplifier with a power rating near the desired beam power. To completely take advantage of the small size of piezoelectric transformer, design considerations must be made to both cool the piezoelectric effectively, as well as minimize the enclosing vacuum chamber. Finally, it is critical that a large majority of injected charge is accelerated by the piezoelectric transformer. In other words, intercepted or lost charge results in a loss in efficiency.
A novel piezoelectric accelerator geometry is proposed which may alleviate many of the disadvantages of previously Simplified sketch of geometry for accelerating particles with a piezoelectric tube and length extensional transformer (left). Highlight showing the electric fields and potentials within the piezoelectric tube (right).
TABLE II
TARGET PARTICLE ACCELERATOR PARAMETERS proposed piezoelectric accelerators [28] . As shown in Fig. 7 , instead of a bar shaped transformer, a hollow tube is used. The particle beam is injected coaxial to the tube, and impacts a target at the high voltage end. The electric field within the tube is parallel to the axis, and therefore the beam does not experience external divergent fields. The input section of the transformer is a thin disk at one end of the much larger output section. The structure is mounted to the particle source. In this way, the mode that is excited is the same as the 1-D series thickness extensional mode derived in the previous sections. The displacement is fixed at the driving end. This structure mimics the geometry of more traditional electrostatic generators.
One target application for a piezoelectric-based particle accelerator is a 4-MeV deuterium-deuterium fusion reaction with a 200-μA beam current. In order to advance the state of the art in this regime, a gradient (beam voltage divided by accelerator length) greater than 4 MV/m should be realized. In addition, the efficiency (beam power divided by the power into the piezoelectric transformer) should be greater than 40%. As an interim step, a design is performed on a scaled version of this target accelerator. The relevant parameters are summarized in Table II .
B. Piezoelectric Coefficients and Practical Device Limits
PZT is one of the most common piezoelectric materials utilized in transformers. This is due to the very high piezoelectric "strain" constant, d 33 . In comparison, it is almost two orders of magnitude higher than the corresponding constant for Z-cut LN [Table III ]. However, the "voltage" constant, g 33 is higher for LN compared to PZT. In particular, if the crystal axis is rotated with respect to x 2 , the constant reaches a maximum which is 2.7× that of PZT [ Fig. 8 ]. The mechanical quality factor (Q m ) listed in Table III is typically attributed to both internal losses intrinsic to the piezoelectric material as well as external losses from the resonator interaction with the environment. Internal losses are primarily thermoelastic dissipation, Akhiezer damping, and internal friction. External loss mechanisms include effects such as mounting losses and air damping. For simplicity, we lump all these losses into one combined value. Optimization of this value in practical implementations is a challenging and ongoing topic in the field of low-loss resonators [35] .
There are several practical considerations which come into play when implementing piezoelectric transformers. First, the electric field within the material must be kept below damage thresholds. As the goal gradient is 4 MV/m, PZT's electric field limit of 1.5 MV/m will be exceeded. Second, piezoelectric transformers are typically limited by material stress [29] . Frequently, these limits are highly dependent on crystal orientation, fabrication processes, as well as surface treatments. Stress values in the range of 30-150 MPa are typically quoted for LN. However, it is noted that it is difficult to parse out the source of material yield for piezoelectric applications. For example, thermal gradients and therefore stress gradients result when there is significant energy dissipated within the material. A thermally induced stress yield looks similar to a stress yield from applied electric field. In a 1-D simplification, with a given maximum stress, the obtainable electric field in the material is calculated using the g 33 constant. Note that the constant is electric field divided by stress. So, a 30°Y-cut LN rod with 150-MPa stress would be able to produce 0.0537 V/m · Pa * 150 MPa = 8.06 MV/m electric field. The corresponding value for PZT-5H would be 2.7× lower, or 3 MV/m. There have been several studies on the advantages of LN for piezoelectric transformers [30] [31] [32] .
C. Stress-Limited Volume Optimization
The most challenging parameter for the target accelerator application is the desired gradient of 4 MV/m. To assess the feasibility of a piezoelectric transformer to achieve this, the six cases in Table I are optimized versus average gradient. As the goal is overall system volume minimization, the entire length of the transformer is considered. The optimization bounds are given in Table IV. The 1-D models are used for each of the cases, and the driven frequency is swept to ensure both of the first two length extensional modes are included. Results were excluded if they either did not achieve an efficiency of greater than 10% or had a stress greater than 150 MPa. Results are summarized in Table V. We note the practical implementation of this accelerator is a challenging, yet separate study. Here, the intent is to provide a fundamental motivation for the pursuit of one general topology over another and articulate the structure and material properties necessary to achieve the target accelerator performance. The 1-D models necessarily are a simplification. For example, a Rosen-type configuration (Fig. 1) is considered. Implementing this in the configuration of an accelerator as shown in Fig. 7 requires additional dedicated design. One possible embodiment is metalizing around both the ID and OD of one section at the axial end of the tube. The input voltage would be applied across this thickness of the tube wall, inducing a length extensional vibration mode.
For the series-electrode version of the transformers, several values of Q m are evaluated. As expected, higher Q m yields higher efficiency and higher average gradient. In the Rosen-type configuration, superior results are achieved even with relatively low values of Q m . Also, the higher gradient performance of LN compared to PZT is apparent. For similar stresses, several times higher gradient is achieved. PZT can be eliminated as a candidate material, as the goal gradient already exceeds its electric field damage threshold. In addition, at stresses of up to 150 MPa, it does not produce the necessary gradients even in an ideal model. Also, there is no performance or practical advantage of the simply supported, series electrode configuration over the fixed end constraint, series electrode configuration, so it may be eliminated as a candidate configuration.
One disadvantage of supporting a piezoelectric transformer by a fixed constraint at one end is that by design, the joint has stress. This interface must not only be low mechanical loss, but also high strength. A complicating factor is that piezoelectric materials have a maximum allowable temperature. This limits the bonding techniques which can be applied to the interface.
However, simply supporting a transformer at displacement nulls is also not straightforward. Material and geometry variations may cause the precise location to vary from device to device. Furthermore, loading conditions and driving frequency can change the ideal location of mounts. Even though two of the transformer geometries meet the goal performance specifications, they do so at a stress which would likely cause material yield. Figs. 9 and 10 show the
(53) 
effect of reducing the allowable material stress for the series electrode and Rosen-type transformers, respectively. In Fig. 9 , the target gradient is not achievable unless there is a stress of >∼100 MPa. In addition, regardless of material stress, the target gradient is not achievable unless a mechanical quality factor of 500 is achieved. However, to achieve both the target gradient and efficiency, a mechanical quality factor of ∼1000 is required. For the optimization shown in Table V , the transformer height was allowed to be as thin as 100 μm. However, in reality, this would not be achievable in a tube configuration, as the wall would likely not be robust-enough. Limiting the bar height to 1 mm, the Rosen-type transformer optimization yields the results shown in Fig. 10 . Here, the target gradient is not achieved with a stress below 120 MPa, and a quality factor slightly above 500 is needed to reach the target efficiency.
V. CONCLUSION
It was shown that for the target application of interest, piezoelectric transformers may be an attractive alternative to the present state of the art. Specifically, the 1-D model shows that LN is superior to PZT and that the fixed constraint, series electrode transformer configuration is viable. The performance is comparable to that of the Rosen type.
A simplification made in this analysis is to assume a 1-D model holds the majority of physics encountered by the 3-D system. It was shown that this was true for most configurations, but all 3-D effects must be studied in greater detail to ensure all effects are taken into account. For example, all 1-D studies were on a bar-type transformer. The proposed system will actually be a tube. Additional modes will be possible and may spoil the mode of interest.
There are significant technical challenges to realize this system. First, the yield stress of LN must be increased to achieve the target gradient. Second, a high strength, low loss, and low temperature bond must be formed to enable the series electrode configuration. Third, a full particle tracking model must be performed to show that an injected beam is accelerated to the target and is not intercepted on the walls. Fourth, as LN has a very low thermal conductivity, cooling is very difficult. Fifth, as LN has a very low electrical conductivity, the target and input are isolated. If equal numbers of positive and negative particles to not impact the target, it will charge up to a corresponding potential [9] . These topics would be fruitful future studies in order to enable this challenging application.
APPENDIX
A. Coefficients for the Length Extensional Transformer, Simply Supported at Displacement Nulls
See (48)-(58), as shown at the top of the previous page.
B. Coefficients for the Length Extensional Transformer, Fixed Constraint at Grounded End
See (49)- (67), as shown at the top of the previous page.
